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Many rate-independent models for metals utilize the gradient of effective plastic strain to capture size-
dependent behavior. This enhancement, sometimes termed as ‘‘explicit’’ gradient formulation, requires
higher-order tractions to be imposed on the evolving elasto-plastic boundary and the resulting numerical
framework is complicated. An ‘‘implicit’’ scalar gradient model was thus developed in Peerlings [Peer-
lings, R.H.J., 2007. On the role of moving elastic–plastic boundaries in strain gradient plasticity. Model.
Simul. Mater. Sci. Eng. 15, 109–120] that has only C0 continuity requirements and its implementation
is straightforward. However, both explicit and implicit scalar gradient models can be problematic when
the effective plastic strains do not have smooth proﬁles. To address this limitation, an implicit tensorial
gradient model is proposed in this paper based on the generalized micromorphic framework. It is also
demonstrated that the scalar and tensorial implicit gradient models give similar results when the effec-
tive plastic strains ﬂuctuate smoothly.
 2011 Elsevier Ltd. All rights reserved.1. Introduction Another broad class of gradient plasticity theories is inspired byClassical constitutive models for metals are not capable of pre-
dicting a size-dependent behavior as observed experimentally at
the micron level (Fleck and Hutchinson, 1997; Stölken and Evans,
1998). To capture the size effect phenomena, several higher-order
continuum theories have been proposed. These models typically
incorporate length-scale parameters which are associated with
the gradients of plastic strain.
One class of such theories introduces a length scale parameter
in the incremental tangent modulus to reﬂect the additional hard-
ening at small geometrical dimensions (Bassani, 2001). This ap-
proach preserves the structure of conventional plastic theories
and does not involve higher order boundary conditions. Niordson
and Hutchinson (2003b) have adopted such enhancements for a
simple shear problem and they question the subsequent localiza-
tion behavior observed in this example. Moreover, Volokh and
Hutchinson (2002) reported that the absence of higher-order
boundary conditions results in non-unique solutions. However,
based on uniqueness arguments, Acharya et al. (2004) showed that
additional boundary conditions can be admitted in these so-called
lower order gradient theories and which the localization behavior
is avoided with proper numerical treatments.ll rights reserved.
+31 40 2447355.
ings).the work of Aifantis (1984) where the second gradient of the plas-
tic strain is incorporated in the yield function and which can be
interpreted as a special case of the formulation by Fleck and Hutch-
inson (2001). We term these models that require the derivatives of
the plastic strain as ‘‘explicit’’ gradient enhancements. The thermo-
dynamics-based formulation for this class of models showed that
the gradient terms characterize the stored energy due to the pres-
ence of defects such as dislocations and entanglements (Gurtin and
Anand, 2009). Since the yield criterion is satisﬁed only in the plas-
tic domain, the higher-order boundary condition associated with it
has to be imposed at the evolving elasto-plastic boundary (Peer-
lings, 2007). For a similar explicit gradient enhanced softening
model, de Borst and Pamin (1996) achieved this requirement
numerically by imposing either C1 continuity or having the ﬁrst
gradient of the scalar plastic strain as degrees of freedom. Alterna-
tively, these gradient enrichments can also be applied to viscoplas-
tic constitutive relations so that distinct elasto-plastic boundaries
are avoided (e.g. Gudmundson, 2004). Rate-independent behavior
can be approximated by having small values for the rate-sensitivity
exponents, although numerical issues may arise as these parame-
ters tend to zero.
In view of the numerical difﬁculties inherent in the explicit gra-
dient models, an alternative class of so-called ‘‘implicit’’ gradient
formulations with only C0 continuity requirements was developed.
These gradient enhancements are generally utilized to avoid mesh
dependency issues during softening (e.g. Peerlings et al., 1996;
Engelen et al., 2003; Poh and Swaddiwudhipong, 2009) and have
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2004). Typically, the implicit gradient models formulated with a
view to regularize softening behavior may not be able to capture
the size effect phenomena during hardening (Engelen et al.,
2006). However, an implicit gradient plasticity model which is able
of predicting similar size effects as the explicit gradient models
was proposed by Peerlings (2007).
Many of the higher-order plasticity models utilize the gradients
of effective (scalar) plastic strain. This approach is numerically
attractive since they require only one additional degree of freedom
(effective plastic strain). Such formulations work well when the
effective plastic strain ﬂuctuates slowly both in time and space.
For a generic problem where the effective plastic strain does not
have a smooth proﬁle, solutions obtained for both explicit and im-
plicit scalar formulations are questionable. This inadequacy, which
is illustrated in the later sections, arises because scalar gradient
models do not take into consideration the direction of the plastic
strains.
In this contribution, a small deformation plasticity theory incor-
porating an implicit gradient formulation, based on the full plastic
strain tensor, is proposed to address the limitations of scalar gradi-
ent models. The generalized micromorphic approach proposed by
Forest (2009) is adopted to ensure that the model is thermodynam-
ically consistent. Similar to the scalar implicit gradient model, its
numerical implementation is straight-forward with only C0 conti-
nuity requirements. It is then demonstrated that the proposed
model is able to predict size effects when geometrical dimensions
are comparable to the length scale parameter. In special cases
where the scalar plastic strain proﬁle is smooth, numerical results
obtained are similar to those from the scalar gradient model by
Peerlings (2007).
2. Thermodynamics framework
2.1. Tensorial gradient formulation
We adopt a special case of the generalized micromorphic frame-
work by Forest and co-worker (Forest and Sievert, 2003; Forest,
2009) with the internal power1
Pint ¼
Z
ðr : _eþ Q : _~ep þ s...r _~epÞdV ð1Þ
where _e, _~ep and r _~ep represent the strain rate, microscopic plastic
strain rate and its gradient respectively, with r, Q and s as the cor-
responding conjugate stresses. The ﬁrst term in Eq (1) is the stan-
dard macroscopic stress power while the last two terms are the
additional contributions from the micromorphic continuum.
The external power (ignoring body forces) is deﬁned by the sur-
face tractions (t, T) and their conjugates as
Pext ¼
Z
ðt  _uþ T : _~epÞdS ð2Þ
By imposing Pint ¼ Pext and applying the divergence theorem, we
obtain
r  r ¼ 0
Q ¼ r  s

in V ð3Þ
t ¼ r  n
T ¼ s  n

on S
where n is the unit normal to the domain surface. Eqs. (3a) and (3c)
are the classical equilibrium equation and traction relation. The1 The following conventions are used: a  n = aijnj, a:a = aij aij, C:a = Cijklakl,
b..
.
b = bijkbijk, ra = aij,k, r  a = aij,j and r  b = bijk,k (summation over repeated indices).microforce balance (3b) couples the micro and macro continua
and the higher-order traction T is deﬁned in Eq. (3d).
The free energy density wðee; ep; ~ep;r~ep; pÞ is assumed as
w ¼ 1
2
ee : C : ee þ h
nþ 1p
nþ1 þ 1
2
~hð~ep  epÞ : ð~ep  epÞ þ 1
2
~hl2r~ep...r~ep
ð4Þ
where ee is the elastic strain, C is the 4th-order elasticity tensor, n is
the power law exponent, p is the effective (scalar) plastic strain, h
and ~h are the material hardening moduli and l is a length scale
parameter for dimensional consistency. In general, the hardening
moduli associated with ð~ep  epÞ and r~ep can be a 4th-order and
6th-order tensor, respectively. For simplicity, we assume that they
are scalar quantities and are both equal to ~h; note that the latter
assumption can be made without any loss of generality because
any difference can be incorporated in l. The third term in Eq (4) rep-
resents the additional energy due to the relative plastic deformation
between the macro and micro-scales, while the last term is an indi-
cator of the incompatible plastic deformation at the micro-scale. In
small deformation theory, the relative plastic rotation between the
two scales is assumed to be negligible.
Assuming isothermal conditions, the second law of thermody-
namics requires that the rate of change of free energy is less than
or equal to the power generated. For a deviatoric plastic strain rate
_ep, power dissipation in a point-wise manner is given by
D ¼ r : _eþ Q : _~ep þ s...r _~ep  _w ¼ r @w
@ee
 
: _ee þ r0 : _ep
þ Q  @w
@~ep
 
: _~ep þ s @w
@r~ep
 
..
.r _~ep  @w
@ep
: _ep  @w
@p
_p ð5Þ
where ()0 implies the deviatoric part of ().
Constitutive relations are obtained from the standard Coleman–
Noll procedure as follows:
r ¼ @w
@ee
¼ C : ee
Q ¼ @w
@~ep
¼ ~hð~ep  epÞ
s ¼ @w
@r~ep ¼
~hl2r~ep ð6Þ
where the stress quantities Q and s are assumed to be purely ener-
getic. We furthermore deﬁne the following thermodynamic forces
v ¼ @w
@ep
¼ ~hðep  ~epÞ
R ¼ @w
@p
¼ hpn ð7Þ
The microforce balance (3b) then becomes
Q ¼ r  s) ~ep  ep ¼ l2r2~ep ð8Þ
which is the tensorial form of the Helmholtz equation used in Peer-
lings (2007). It is observed that this governing equation couples the
relative plastic strains between the two scales with the incompati-
ble plastic deformation at the micro-scale (indicated by r2~ep).
Since the plastic strain ep is deviatoric and the Laplacian is a lin-
ear operator, the microscopic plastic strain ~ep is deviatoric as well.
This also implies that both Q and v are deviatoric stresses.
The yield function is deﬁned in terms of the thermodynamic
forces r0, v and R as
F ¼ re  r0  R ¼ re  r0  hpn ð9Þ
where re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2 ðr0  vÞ : ðr0  vÞ
q
and r0 is the initial yield stress.
The plastic ﬂow rule and evolution law for p can be obtained
from the maximum dissipation postulate, subjected to the
Fig. 1. Schematic of foil under bending.
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tential function /
/ ¼ r0 : _ep  v : _ep  R _p _kF
such that @/ ¼ 0 results in the following expressions
_ep ¼ _k @F
@ðr0  vÞ ¼
3 _k
2re
ðr0  vÞ
_p ¼  _k @F
@R
¼ _k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_ep : _ep
r
ð10Þ
with the standard Kuhn–Tucker conditions _kP 0, F 6 0 and _kF ¼ 0.
The second law of thermodynamics is thus satisﬁed by
D ¼ ðr0  vÞ : _ep  R _p ¼ r0 _pP 0 ð11Þ
Unlike the model developed by Forest (2009), the model proposed
here describes the stored energy due to plastic hardening in Eq
(4) by the internal variable p, instead of the invariant ep : ep. When
l! 0, it reduces to the classical isotropic hardening model whereas
the classical kinematic hardening model is recovered in Forest
(2009).
2.2. Scalar gradient formulation
The scalar implicit gradient model by Peerlings (2007) is re-
trieved by using the scalar variable ~p and its spatial gradient r~p
to replace their tensorial counterparts in Eqs (1)–(7). The thermo-
dynamics arguments run parallel to the proposed tensorial gradi-
ent model and are not repeated here. The free energy density for
the scalar gradient model is
w ¼ 1
2
ee : C : ee þ h
nþ 1p
nþ1 þ 1
2
3
2
~h
 
ð~p pÞ2 þ 1
2
3
2
~h
 
l2ðr~pÞ2
ð12Þ
The factor 3=2 is introduced so that in special load cases where
ep ¼ pm, ~ep ¼ ~pm and r~ep ¼ r~pm (m is a constant directional
tensor), the free energy density w in Eq. (4) is identical to that in
Eq. (12), since m:m = 3/2 as observed from Eq. (10b).
The constitutive relations for the scalar implicit gradient model
are summarized below:
F ¼ re  r0  hpn  32
~hðp ~pÞ
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
r0 : r0
r
_p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
_ep : _ep
r
~p p ¼ l2r2~p ð13Þ
where F is the yield function of the scalar gradient model. The
microforce balance in Eq. (13d) is a scalar version of Eq (8). It is eas-
ily observed that constitutive relations are different between the
tensorial and scalar gradient models – whereas the hardening in-
duced by the micromorphic continuum manifests itself as a back-
stress v in the tensorial gradient model, it results in an additional
term in the yield function F of the scalar gradient model.
The dissipation inequality for the scalar gradient model can be
show to be D ¼ r0 _pP 0, which is identical to Eq. (11). Thus in
the special case where the plastic strain directional tensor m is
constant, the work done in both scalar and tensorial gradient mod-
els are identical. This serves as a basis of comparison between the
two models in later sections.3. Analytical solutions for bending of thin foils
Scalar gradient models are problematic in certain load cases.
This is illustrated here with the plane strain bending example
shown schematically in Fig. 1. The foil is assumed to be rigid plas-
tic. For pure bending, the principal directions of the plastic strain
are constant with load.
3.1. Scalar implicit gradient model
Peerlings (2007) has compared the semi-analytical solutions of
scalar explicit and implicit gradient models for a foil in bending. It
was shown that for the explicit gradient formulation to be well-
posed, the natural boundary condition ðn  rp ¼ 0Þ has to be im-
posed on the evolving elasto-plastic boundary, the position of
which is a result of the analysis and is therefore not known a priori.
On the contrary, boundary conditions for the scalar implicit gradi-
ent model summarized in (13) are required on external domain
surfaces which are known in advance.
For the bending example in Fig. 1, the effective plastic strain is
given by
p ¼ 2ﬃﬃﬃ
3
p
Z t
0
j _jðkÞyjdk ð14Þ
where _jðtÞ is the rate of change of curvature and t denotes the time.
We can limit our analysis to the upper half of the foil
ð0 6 y 6 HÞ since p is symmetric about the neutral axis. Higher-or-
der tractions are assumed to vanish on the boundaries
@~p
@y

y¼H
¼ @~p
@y

y¼0
¼ 0 ð15Þ
where the second condition is due to symmetry.
In monotonic forward bending ðjðtÞ ¼ R t0 j _jðkÞjdkÞ, we obtain
from Eqs. (13d)–(15)
~p ¼ 2jﬃﬃﬃ
3
p
sinhðH=1Þ y sinhðH=lÞ þ l cosh
H  y
l
 
 cosh y
l
 	 

;
0 6 y 6 H ð16Þ
The evolution of the equivalent stress is given by
re ¼ r0 þ hpn þ 32
~hðp ~pÞ ð17Þ
with the yield stress rY given by the right hand side of Eq. (17).
Proﬁles of p and ~p are depicted in Fig. 2 and the corresponding
evolution of the yield stress rY in Fig. 3. Due to the negative con-
tribution by the term ðp ~pÞ near the neutral axis, a non-physical
result ðrY < 0Þmay be obtained beyond a certain stage of deforma-
tion. Granted, the non-physical result can be avoided by constrain-
ing rY to zero when it becomes negative. However, this implies
that an internal layer, starting at the neutral axis and which grows
with deformation, experiences strain softening until its yield
strength totally vanishes. It is strange that a hardening model for-
mulated to capture only work hardening effects should experience
any strain softening at all, more so in a region where the plastic
strain ﬂuctuates smoothly, i.e., nothing special is happening near
the neutral axis compared to other parts of the foil to warrant such
deviant behavior. We also note that scalar gradient models disre-
Fig. 2. Evolution of accumulated plastic strains (scalar gradient model).
Fig. 3. Evolution of yield stress (scalar gradient model).
Fig. 4. Evolution of axial plastic strains (tensorial gradient model).
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effective plastic strain is induced by virtue of its deﬁnition of being
non-negative and not because of the underlying crystallographic
slip. As demonstrated in the next section, by taking into consider-
ation the direction of plastic strain, the tensorial gradient model
does not suffer from this anomaly. For a generic load, we thus be-
lieve that a kinked proﬁle of p (e.g., in Fig. 2) is an indication of pos-
sible spurious solution induced by the last term in Eq (17).
3.2. Tensorial implicit gradient model
From a physical point of view, it is questionable to ignore the
direction of dislocation motion in the region where the opposite
signs meet. This provides the motivation for adopting a tensorial
implicit gradient model as described in Section 2.
The higher-order traction ðTÞ in Eq. (3d) indicates the resistance
to plastic deformation at the micro-scale. Since the microforce bal-
ance (3b) is satisﬁed over the entire domain, the higher-order
boundary conditions are imposed at the domain surfaces. For a mi-
cro-free boundary ðTjy¼H ¼ 0Þ; the solution to the Helmholtz equa-
tion in Eq. (8) is
~epxx ¼ jy
jl
coshðH=lÞ sinhðy=lÞ ¼ ~e
p
yy ð18Þ
Evolutions of the axial plastic strains are depicted in Fig. 4. Addi-
tional hardening due to the microscopic plastic strains is introduced
via the backstress v. The evolution of the equivalent stress is given
by
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðr0  vÞ : ðr0  vÞ
r
¼ r0 þ hpn P 0 ð19Þwhere it is readily observed that re P 0 for all load cases, thus
avoiding the non-physical results characterizing the scalar implicit
model.
Consider next only the upper half of the foil ð0 6 y 6 HÞ. Substi-
tute Eq (18) and the relations _epxx ¼ _jy ¼  _epyy, _p ¼ 2ﬃﬃ3p j _jjy into (10a),
the deviatoric stress component is derived as
r0xx ¼ sgnð _jÞ
reﬃﬃﬃ
3
p þ
~hjl
coshðH=lÞ sinhðy=lÞ ¼ r
0yy ð20Þ
where sgn() is the signum function. For a thin foil, ryy ¼ 0)
trðrÞ=3 ¼ r0yy. The axial stress is thus rxx ¼ r0xx þ trðrÞ=3 ¼ 2r0xx.
The bending moment of the entire foil can then be computed as
M¼2w
Z H
0
ðrxxyÞdy¼ sgnð _jÞ4wﬃﬃﬃ
3
p 1
2
H2r0þ hnþ2
2ﬃﬃﬃ
3
p
Z t
0
j _jðkÞjdk
 n
Hnþ2
" #
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
classical solution
þ4w~hl2j H ltanhðH=lÞ½ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
size effect
ð21Þ
where w is the out-of-plane thickness of the foil. The ﬁrst term in
Eq. (21) is the classical solution obtained for the standard isotropic
hardening model, while the second term represents an additional
bending moment due to the relative plastic deformation distin-
guishing the two scales. This non-standard contribution is signiﬁ-
cant when the geometrical dimension ðHÞ is of similar magnitude
as the length scale parameter (l).
Conversely, this term is negligible compared with the classical
solution when H  l. The model thus captures the ‘‘smaller is
stronger’’ phenomenon.
This simple example shows that unlike the scalar gradient
model, the proposed tensorial gradient formulation is able to
avoid spurious results due to the change in sign of the principal
plastic strains. Numerical results are presented and discussed in
Section 5.
3.3. Scalar implicit gradient model revisited
We observe in Fig. 4 that the microscopic axial plastic strain
ð~epxxÞ vanishes at the neutral axis. For the scalar implicit gradient
model, it thus seems reasonable to assume that the scalar variable
~p is impeded at the neutral axis. Contrary to (15), we can impose
the following boundary conditions:
@~p
@y

y¼H
¼ 0; ~pjy¼0 ¼ 0 ð22Þ
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~p ¼ 2yﬃﬃﬃ
3
p
Z t
0
j _jðkÞjdk 2l
R t
0 j _jðkÞjdkﬃﬃﬃ
3
p
coshðH=lÞ sinhðy=lÞ; 0 6 y 6 H ð23Þ
For this example, it is readily seen from Eqs. (18) and (23) that in
forward bending ðjðtÞ ¼ R t0 j _jðkÞjdkÞ,
~p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
~ep : ~ep
r
¼ 2ﬃﬃﬃ
3
p ~epxx; 0 6 y 6 H ð24Þ
The corresponding evolution of the equivalent stress re is shown in
Fig. 5. Compared to the solution in Section 3.1, the non-physical re-
sponse ðre 6 0Þ is now avoided. Following similar arguments in Eqs.
(20) and (21), the bending moment can be shown to be
M ¼ sgnð _jÞ4wﬃﬃﬃ
3
p 1
2
H2r0 þ hnþ 2
2ﬃﬃﬃ
3
p
Z t
0
j _jðkÞjdk
 n
Hnþ2
" #
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
classical solution
þ sgnð _jÞ4w~hl2
Z t
0
j _jðkÞjdk
 
½H  l tanhðH=lÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
size effect
ð25Þ
In forward bending, Eqs. (21) and (25) are identical. The bending
moments differ in reversed bending due to the kinematic-type
hardening induced by the backstress v in the tensorial gradient
model.
It is emphasized that despite having similar results, the scalar
and tensorial implicit gradient models are very different. As noted
in Section 3.1, the scalar gradient model may give rise to a spurious
solution when a kink in the effective plastic strain (p) proﬁle oc-
curs. In this example, the principal plastic strains change their
signs at the neutral axis concurrently and we are able to determine
the problematic region a priori. In addition, we have p = 0 at the
kink, and the prescribed condition ~p ¼ 0 thus seems reasonable.
For a generic problem, such conditions may not be present, i.e., it
can be difﬁcult to locate the kink and the effective plastic strain
p may have a non-zero value at the region of interest. In such sit-
uations, it is not possible to avoid the non-physical response of the
scalar model with ‘‘appropriate’’ boundary conditions. This will be
highlighted with an example in Section 5.1.
Moreover, the essential boundary condition (22b) results in yet
another difﬁculty for the scalar gradient model – the higher-order
stress ðs ¼ 32 ~hl
2r~pÞ is now discontinuous at the neutral axis due to
the symmetric ~p proﬁle. On the contrary, the natural boundary
conditions (15b) in Section 3.1 recover a smooth ~p proﬁle but result
in a non-physical equivalent stress re. The tensorial gradient model
does not have such problems since ~ep (and hence the higher-order
stress s) have smooth continuous proﬁles and higher-order bound-
ary conditions are required only at the external domain
boundaries.Fig. 5. Evolution of equivalent stress (scalar gradient model with ~pjy¼0 ¼ 0).It is also noted that similar issues are present in scalar explicit
gradient models. This is easily demonstrated with the same bend-
ing example. For a rigid plastic material, the (explicit) gradient of p
is undeﬁned at the neutral axis because of its kinked proﬁle. In the
analysis of a scalar explicit gradient model, Idiart et al. (2009) con-
sidered only the top half of the foil (due to symmetry of p) and im-
posed the natural boundary condition ðn  rp ¼ 0Þ at the neutral
axis (i.e. at y = 0+). A smooth p proﬁle is obtained and the above-
mentioned problem is thus avoided. However, a non-zero value
of p now exists at y ¼ 0þ. Since the plastic strain ep is anti-symmet-
rical about the neutral axis, it implies a jump in the plastic strains
at the neutral axis. Note that the total axial strain should vanish at
the neutral axis in order to satisfy the Hadamard conditions. To
achieve this, a jump of the plastic strain must be accompanied
by a jump of the elastic strain in the opposite direction. Consider-
ing only the top half of the foil in forward bending, it implies that
an internal layer originating from the neutral axis is subjected to
compressive stresses whereas the rest of the upper domain is in
tension. This phenomenon seems questionable since nothing
extraordinary is happening at the neutral axis compared to other
parts of region.
Though not shown here, we can expect the same problem for a
cylindrical wire subjected to pure torsion such as the experiment
in Fleck et al. (1994), since its plastic strain is anti-symmetrical
about the axis of twist.
4. Numerical implementation
This section summarizes the numerical implementation of the
proposed tensorial gradient model. The scalar gradient model in
(13) has a similar numerical framework, which is not repeated
here.
4.1. Weak formulation
The equilibrium condition (3a) and microforce balance (3b) are
both satisﬁed in the weak sense using the weighted residuals ap-
proach. The weight functions are taken to be variations of the dis-
placement ðuÞ and microscopic plastic strain ð~epÞ, respectively.
Applying the divergence principle to the weighted residuals, we
obtain the following set of expressionsZ
ðrdu : rÞdV ¼
Z
ðdu  tÞdS
Z
ðd~ep : ~hð~ep  epÞ þ rd~ep...~hl2r~epÞdV ¼
Z
ðd~ep : TÞdS ð26Þ
which constitutes the framework for numerical implementation. It
is easily observed that only C0 continuity is required.
4.2. Time discretisation and radial return method
The iterative-incremental solution strategy utilizes the radial
return method, similar to classical plasticity models. At the start
of iteration (i), the incremental strain De is assumed to be elastic.
Together with the converged solutions from the previous time
increment ðt  1Þ, they provide the trial values for the elastic-pre-
dictor step:
r’tr ¼ r0ðt1Þ þ 2GDe0
vtr ¼ ~hðepðt1Þ  ~epðiÞÞ
rtre ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðr0tr  vtrÞ : ðr0tr  vtrÞ
r
ð27Þ
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iteration (i) of the current time step (t).
If the trial yield function value F ¼ rtre  r0  Rðt1Þ 6 0, the
increment is indeed elastic and the values at iteration (i) are up-
dated with the trial ones. Otherwise, it indicates an elasto-plastic
increment and a plastic-corrector procedure is invoked. At the
end of the correction, we have the following expressions:
r0ðiÞ ¼ r0tr  2GDep
vðiÞ ¼ vtr þ ~hDep
Dep ¼ 3Dk
2rðiÞe
ðr0ðiÞ  vðiÞÞ
rðiÞe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
ðr0ðiÞ  vðiÞÞ : ðr0ðiÞ  vðiÞÞ:
r
ð28Þ
Substituting Eq. (28c) into the difference between Eqs. (28a) and
(b), the values at (i) can be expressed in terms of the trial tensors
r0ðiÞ  vðiÞ ¼ 2r
ðiÞ
e
2rðiÞe þ 3ð2Gþ ~hÞDk
" #
ðr0tr  vtrÞ
Finally, the radial return mapping is obtained as
rðiÞe ¼ rtre 
3
2
ð2Gþ ~hÞDk ð29Þ
For a non-linear yield function, iterations are carried out to solve for
Dk such that F ¼ 0 is satisﬁed at (i).
F ¼ rtre 
3
2
ð2Gþ ~hÞDk r0  h½pðt1Þ þ Dkn ¼ 0 ð30Þ
Once Dk is obtained, the updated values of the variables are then
obtained from Eqs. (28a–c).
4.3. Spatial discretisation and linearization
To facilitate ﬁnite element implementation, the expressions in
this section are presented in Voigt notation, where a single and
double underscore represents a vector and matrix, respectively.
The basic variables are discretised as:
u ¼ Nuau; ~ep ¼ Nea~e ð31Þ
such that
e ¼ Buau; r~ep ¼ B~ea~e ð32Þ
Vectors u and ~ep are the assembled displacements and microscopic
plastic strains resulting from the shape functions ðNuN~eÞ and corre-
sponding nodal values ðaua~eÞ:. The strains e and microscopic plastic
strain gradientsr~ep are obtained from the gradient-operator matri-
ces ðBuB~eÞ.
The following linearizations are carried out to elaborate the
iterative-incremental procedures:
rðiþ1Þ ¼ rðiÞ þ dr
epðiþ1Þ ¼ epðiÞ þ dep
~epðiþ1Þ ¼ ~epðiÞ þ d~ep ð33Þ
Consistent linearizations in terms of de and d~ep for the iterative
increments (dr; dep) are summarized in Appendix A. For conve-
nience, superscripts (i) are dropped in subsequent expressions.
The algorithmic tangent stiffness matrix is obtained by substi-
tuting Eqs. (31)–(33) into Eq. (26), resulting inKuu Ku~e
K~eu K~e~e
" #
dau
da~e
	 

¼ Fu
F~e
	 

ð34Þ
with
Kuu¼
Z
BTu KIIþ2G 13G
Dk
rtre
 
Id
	 

BudV

Z
BTu
3G
rtre
 2 1
3
2ð2Gþ~hÞþnhp
n1
Dk
rtre
 !
r0trvtr
 
r0trvtr
 T" #
BudV ;
Ku~e ¼ 
Z
BTu½3G
Dk
rtre
~hIs þ 9G
~h
2ðrtre Þ2
1
3
2 ð2Gþ ~hÞ þ nhp
n1 
Dk
rtre
 !
 ðr0tr  vtrÞ r0tr  vtr
 T
N~edV ¼ KT~eu
K~e~e ¼
Z
NT~e
~h N~e  3
~hDk
2rtre
Is þ 9
~h
4ðrtre Þ2
1
3
2 ð2Gþ ~hÞ þ nhp
n1 
Dk
rtre
 !"(
ðr0tr  vtrÞðr0tr  vtrÞT
#
N~e
)
dV þ
Z
BT~e
~hl2B~edV
Fu ¼
Z
NTut
ðtÞdS
Z
BTurdV
F~e ¼
Z
NT~eT
ðtÞdSþ
Z
NT~e
~hðep  ~epÞ  BT~e ~hl2r~epdV ðc:f :3Þ
II ¼ Voigt matrix for 4thorder tensor d d
Is ¼ Voigt matrix for 4th order symmetrization identity tensor I4s
Id ¼ Voigt matrix for 4th order tensor I4s 
1
3
d d ð35Þ
For the expressions in (35), ()T implies the transpose of (), K and G
are the material bulk and shear modulus, respectively.
5. Numerical results
The framework is implemented for 2D problems with plane-
strain assumptions. Quadratic and linear shape functions are
adopted for Nu and N~e, respectively. Numerical results are pre-
sented and discussed in this section.
5.1. Cantilever beam
It was discussed in Section 3.3 that the pure bending example is
a special case where the essential boundary condition ~pjy¼0 ¼ 0
produces reasonable results (notwithstanding the discontinuous
higher-order stress proﬁle). For a generic problem, such an
assumption cannot be made readily. This is illustrated with the
cantilever beam depicted in Fig. 6. We expect the scalar gradient
model to be inadequate because of the presence of bending stres-
ses. However, shear stresses induced by the point load complicate
the choice of a suitable boundary condition. In terms of the effec-
tive plastic strain p, it is difﬁcult to determine the location of kinks.
Moreover, the effective plastic strain pmay not vanish at the kinks
and it seems questionable to impose the kinematic conditions
~p ¼ 0 at the location of kinks. In such predicaments involving the
scalar gradient models, an apparent escape route is to solve the
problem assuming natural boundary conditions r~p  n ¼ 0 on the
external surfaces at the price of yielding non-physical solutions.
The tensorial gradient model, on the other hand, requires the nat-
ural boundary conditions r~ep  n ¼ 0 on the domain boundary and
does not have this dilemma.
Fig. 6. Schematic of cantilever.
Fig. 7. Force–displacement curves.
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assuming natural boundary conditions for both gradient models
and compare the results. The normalized force-displacement
graphs are depicted in Fig. 7 with P0 ¼ Hwr0. When the ratio l/H
is small, the weak inﬂuence from the microscopic plastic strain is
not sufﬁcient to induce the non-physical response in the scalarFig. 8. (a) Plastic strain accumulation and (b) yield s
Fig. 9. (a) Evolution of plastic strain and (b) eqgradient model. Both models then predict similar size effects, al-
beit marginally. As the ratio l=H increases, the negative term
ðp ~pÞ in the scalar gradient model becomes more dominant,
resulting in a negative yield stress rY beyond a certain stage of
deformation. This is shown in Fig. 8 at the most critical location
(x = 0) where the non-physical response ﬁrst occurs. Fig. 8a shows
the locations of kinks in the proﬁle of the effective plastic strain (p),
the resultant spurious yield stress rY is depicted in Fig. 8b.
The tensorial gradient model does not suffer from such issues.
For comparison purposes, a scalar microscopic plastic strain is de-
ﬁned as:
p^ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
~ep : ~ep
r
ð36Þ
The evolutions of p and p^ at the same cross section ðx ¼ 0Þ are
shown in Fig. 9a and the equivalent stress re does not suffer from
non-physical solutions (Fig. 9b). Contours of the scalar plastic
strains are shown in Fig. 10.
This simple example illustrates that up to a certain deformation
threshold, numerical solutions obtained from the scalar gradient
model are physically acceptable. Yet, even in this regime, the neg-
ative contribution from the term ðp ~pÞ suppresses the evolution
of the equivalent stress re. The resulting size effect is thus lower
than that obtained from the tensorial model when the geometrical
dimension is comparable to the length scale parameter.
Kinks in the effective plastic strain (p) proﬁle in Fig. 8a suggest a
change in sign of plastic strains which is not described properly by
the scalar gradient model. It is also noted that p – 0 at the kinks in
Fig. 8a. The effective microscopic plastic strain accumulation p^ pre-
dicted by the tensorial gradient model is positive ðp^ > 0Þ in the en-
tire cantilever as depicted in Fig. 10b. This also conﬁrms the
statement that for the scalar gradient model, it is questionable to
impose the prescribed condition ~p ¼ 0 to avoid spurious solutions
even if the location of kinks can be determined a priori.tress proﬁle (scalar gradient model at d/H = 0.6).
uivalent stress (tensorial gradient model).
Fig. 10. Scalar plastic strain proﬁles (tensorial gradient model, d/H = 1).
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The previous example highlighted the inadequacy of the scalar
gradient model due to the presence of a kinked effective plastic
strain proﬁle. When this proﬁle is smooth, the scalar gradient mod-
el can be expected to provide reasonable solutions. In their analysis
of an explicit gradient plasticity model, Niordson and Hutchinson
(2003a) have reported smooth plastic strain distributions in a thin
ﬁlm undergoing ﬂat punch indentation. We investigate a similar
example shown schematically in Fig. 11. The base of the ﬁlm is
bonded onto a rigid surface with no constraints on plastic ﬂow.
Vertical displacements are imposed at the contact surface between
the ﬁlm and the indenter to simulate the ﬂat punch indentation.Fig. 11. Schematic of ﬂat punch indentation.
Fig. 13. Plastic strain accumulation for (a) s
Fig. 14. Microscopic plastic strain accumulation foNatural higher-order boundary conditions (T = 0) are imposed for
both gradient models. The mesh for the ﬁlm is denser near the
indenter.
For this case, the scalar gradient model does not lead to a non-
physical response and its force-displacement graphs are similar to
those obtained from the tensorial gradient model, as shown in
Fig. 12. Spurious solutions for the scalar gradient model are not
present in this example due to the intrinsic smooth proﬁle of the
effective plastic strain p (Fig. 13a). In such situations, both gradient
models predict similar responses. Figs. 13 and 14 demonstrate the
close resemblance of the plastic strain accumulations between the
two gradient models for l/H = 1.Fig. 12. Force–displacement graphs.
calar and (b) tensorial gradient model.
r (a) scalar and (b) tensorial gradient model.
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Most higher-order plasticity models incorporate the gradients
of a scalar variable in the constitutive formulation. An explicit gra-
dient approach is typically difﬁcult to implement numerically since
higher-order boundary conditions have to be imposed at the elas-
to-plastic boundary. The implicit gradient framework is advanta-
geous because the higher-order tractions are required on
external surfaces and its numerical implementation is straight for-
ward with C0 elements. However, a scalar gradient model is still
problematic when the principal plastic strains change sign.
If sign changes in plastic strain occur, models involving the full
gradient of the plastic strain tensor are better alternatives. This pa-
per proposes a thermodynamically consistent tensorial implicit
gradient model based on the generalized micromorphic frame-
work. Since directional effects are taken into consideration, the
proposed model does not suffer from a non-physical response that
limits the applicability of scalar gradient models. It is shown in this
paper that for certain idealized loading conditions such as pure
bending, the non-physical response in the scalar gradient model
can be circumvented by imposing ‘‘appropriate’’ boundary condi-
tions. However, such ‘‘smart’’ boundary conditions can only be for-
mulated for particular, simple cases and cannot be considered in
general. The tensorial gradient model does not raise this concern
since higher-order tractions are required only on the external
surfaces.
Though not shown in this paper, it is conceivable that softening
models incorporating the gradients of scalar variables exhibit sim-
ilar limitations. The improved performance of the tensorial gradi-
ent model, however, comes at a higher computational cost
compared to the scalar gradient model – the degrees of freedom
are twice that of a scalar gradient model in a 3D problem. For
deformations where the effective plastic strain has a smooth pro-
ﬁle (i.e. no sign switches in plastic strain), the scalar gradient mod-
el does not suffer from the reported non-physical response and its
numerical results are similar to those of the proposed tensorial
gradient model.
Appendix A
In this section, increments drij; depij are linearized in terms of
deij and d~epij. Einstein notation is adopted. For convenience, the
superscript (i) indicating current iteration is dropped.
The incremental volumetric stress is given by
drkk ¼ Kdekk ðA1Þ
The deviatoric stress at the end of the incremental step is
r0ij ¼ r0trij  2GDepij ðA2Þ
Substituting (28c) into (A2)
r0ij ¼ r0trij  3G
Dk
rtre
ðr0trij  vtrij Þ ðA3Þ
From the yield function in Eq. (30), we obtain the consistent linear-
ization of k as
dk ¼ dr
tr
e
3
2 ð2Gþ ~hÞ þ nhp
n1 ðA4Þ
The consistent linearization of the trial deviatoric stress r0trij in Eq.
(27a) is given by
dr0trij ¼ 2Gðdeij 
1
3
dekkdijÞ ðA5Þ
Similarly, the consistent linearization of the trial backstress vtrij in
Eq. (27b) isdvtrij ¼ ~hd~epij ðA6Þ
From Eqs. (27c), (A5) and (A6), the consistent linearization of rtre is
obtained as
drtre ¼
3G
rtre
ðr0trij  vtrij Þdeij þ
3~h
2rtre
ðr0trij  vtrij Þd~epij ðA7Þ
The consistent linearization of rij60 is thus obtained from Eqs. (A3)–
(A7)
dr0ij¼ 2Gð13G
Dk
rtre
ÞðIsijkl
1
3
dijdklÞð3Grtre
Þ2 1
3
2ð2Gþ~hÞþnhp
n1
Dk
rtre
 !"
 r0trij vtrij Þðr0trkl vtrklÞ
 i
dekl 3GDkrtre
~hIsijklþ
9G~h
2ðrtre Þ2
"
 1
3
2ð2Gþ~hÞþnhp
n1
Dk
rtre
 !
ðr0trij vtrij Þðr0trkl vtrklÞ
#
d~epkl ðA8Þ
where Isijkl is the 4th-order symmetrization tensor.
The consistent linearization of rij is thus obtained from Eqs.
(A1) and (A8),
drij ¼ drkkdij þ dr0ij ðA9Þ
Finally, we substitute Eqs. (A4)–(A7) into the consistent lineariza-
tion of Depij ¼ 3Dk2rtre ðr
0tr
ij  vtrij Þ to obtain
depij ¼ 3G
Dk
rtre
Isijkl 
1
3
dijdkl
 
þ 9G
2ðrtre Þ2
1
3
2 ð2Gþ ~hÞþ nhp
n1 
Dk
rtre
 !"
 r0trij vtrij
 
ðr0trkl vtrklÞ
i
dekl þ 3
~hDk
2rtre
Isijkl þ
9~h
4ðrtre Þ2
"
 1
3
2 ð2Gþ ~hÞ þ nhp
n1 
Dk
rtre
 !
ðr0trij vtrij Þ r0trkl vtrkl
 #
d~epkl:
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